Abstract There is a few number of optimal fourth-order iterative methods for obtaining the multiple roots of nonlinear equations. But, in most of the earlier studies, scholars gave the flexibility in their proposed schemes only at the second step (not at the first step) in order to explore new schemes. Unlike what happens in existing methods, the main aim of this manuscript is to construct a new fourth-order optimal scheme which will gives the flexibility to the researchers at both steps as well as faster convergence, smaller residual errors and asymptotic error constants. The construction of the proposed scheme is based on the mid-point formula and weight function approach. From the computational point of view, the stability of the resulting class of iterative methods is studied by means of the conjugacy maps and the analysis of strange fixed points. Their basins of attractions and parameter planes are also given to show their dynamical behavior around the multiple roots. Finally, we consider a real life problem and a concrete variety of standard test functions for numerical experiments and relevant results are extensively treated to confirm the theoretical development.
Introduction
High-order multipoint iterative schemes [5, 10, 16] are always required for obtaining the multiple roots with multiplicity m of a nonlinear equation f (x) = 0, which partake of scientific, applied science, engineering and various other models. So, multi-point iterative methods overcome from the theoretical limitation of one-point iterative methods which concern about the order of convergence and computational efficiency. Further, they are also capable to generate approximated root of of higher accuracy with in a small number of iterations without requiring the evaluations of second-order derivatives.
In the text of Traub [16] , we can find the well-known modification of Newton's method due to Schöder [12] , with second order of convergence
and also the sequence, designed by Traub, of iterative methods of increasing order of convergence. This order was independent of the known multiplicity m. In 2009, Li et al. [9] presented the following optimal (according to Kung-Traub conjecture [7] ) fourth-order multi-point iterative method
This method was designed as a Jarratt-type scheme, whose coefficients depend on the multiplicity m, by using two functional evaluations of f ′ (x) and one of f (x). Again in 2010, Li et al. [8] gave a total number of six multi-point iterative methods of fourth-order with closed formulas for obtaining multiple roots. Out of them, only two were optimal, which are given as follows:
where 
being
Later, in 2011, Zhou et al. in [18] , presented a more general optimal family of fourth-order iterative methods based on the weight function approach which require only three functional evaluations per iteration, which is defined as follows:
where Q(.) ∈ C 2 (R) is a weight function. One can also obtain the expressions namely, expression (1), expression (6), expression (8), and expression (9) as special cases of scheme (4) just by considering suitable choice of weight functions.
In addition, in 2012, Sharifi et al. in [15] , gave the following optimal scheme of fourth-order methods ) m f (xn)
Multiplicity anomalies of an optimal fourth-order class of iterative methods for solving nonlinear equations 3 where G(.) and H(.) are two real valued weight functions. Moreover, in 2013 Soleymani and Babajee in [14] constructed another type of fourth-order optimal scheme, whose iterative expression is
being H(.) a real valued weight function.
On the other hand, Zhou et al. in [17] proposed a new optimal family of fourth-order methods which requires two-function and one-derivative evaluation per iteration, that is given by
where
f (xn) and G(.) ∈ C 2 (R) is a weight function. But, the problem with the application of this scheme is that when you solve for even multiplicity then you may obtain a complex root while your desired root is real number (please see Table 4 in the numerical section). Recently, in 2015, Hueso et al. in [6] presented the following optimal fourth-order scheme for multiple roots
where h(x n , y n ) = 
where b 1 , b 2 , b 3 and b 4 are free disposable parameters and the values of these parameters can be seen in [1] .
One can obtain the expresssions (1), (2) , (3), (6), (8) and (9) as special cases of scheme (4) , just by considering suitable choice of weight functions.
It is straightforward to say from the above mentioned schemes that they have the flexibility (free parameters or weight functions) only at second step, in order to obtain new iterative methods. We want to explore the idea that what will happen if we make changes at first step as well as at the second one. Is it possible to get some faster version of optimal fourth-order methods with simple body structure, smaller asymptotic error constants and smaller residual errors when we make changes also in the first step?
Motivated and inspired by these questions, we propose a new fourth-order scheme based on weight function approach. The beauty of this manuscript is to highlight the advantages of this new approach over the earlier studies that our proposed scheme will give the flexibility to the scholars at both steps in order to construct new fourth-order iterative methods. In addition, our proposed methods not only give the faster convergence but also have smaller residual error and asymptotic error constants. Our proposed scheme only consumes three functional evaluations ( f (x n ), f ′ (x n ) and f ′ (z n ) ) per full iteration which satisfies the classical Kung-Traub conjecture. We have demonstrated the usefulness of the proposed methods by performing several numerical examples and observed that our methods have better numerical results, in most of the examples, than some existing methods available in the literature (in terms of smaller asymptotic error constants and smaller residual errors). Further, the dynamical study of these methods also deeps into the stability aspects of the different elements of the proposed class.
In order to study the dynamical behavior of the iterative methods included in the proposed family, it is necessary to recall some basic dynamical concepts. For a more extensive review of these concepts, see [2, 4] .
Let R :Ĉ →Ĉ be an operator that results from applying an iterative method on a particular function, whereĈ is the Riemann sphere. The orbit of a point z 0 ∈Ĉ is defined as the set of successive images of z 0 by the operator, {z 0 , R(z 0 ), . . . , R n (z 0 ), . . .}. The orbit of a point on the complex plane can be classified depending on its asymptotic behavior. In this way, a point z 0 ∈ C is a fixed point of R if R(z 0 ) = z 0 . A fixed point is attracting, repelling or neutral (parabolic) if |R ′ (z 0 )| is lower than, greater than or equal to 1, respectively. Moreover, if |R ′ (z 0 )| = 0, the fixed point is superattracting. A periodic point z of period p > 1 is a point such that R p (z) = z and R k (z) ̸ = z, for k < p. A pre-periodic point is a point z that is not periodic but there exists a k > 0 such that R k (z) is periodic. If z * f is an attracting fixed point of operator R, its basin of attraction A(z * f ) is defined as the set of pre-images of any order such that
The set of points whose orbits tend to any attracting periodic point z * f is defined as the Fatou set, F(R). The complementary set, the Julia set J (R), is the closure of the set of pre-images of its repelling fixed points, and establishes the boundaries between the basins of attraction.
The rest of the manuscript is organized in the following way: Section 2 is devoted to describe the new family of iterative methods and to study its convergence, detailing some particular cases. Some of them are used in the dynamical numerical sections. This dynamical analysis on polynomials of low degree with multiplicity 2 and 3 is made in Section 3. Different numerical experiments to confirm the theoretical results are shown in Section 4. Finally, some conclusions and remarks are presented.
Development of the optimal fourth-order scheme
This section is devoted to the main contribution of this manuscript. Here, we will propose the optimal fourth-order iterative scheme which will gives the flexibility to the researchers at both steps in order to explore other new schemes (for the details please see the special cases). According to our knowledge, this type of problem is not discussed in the earlier studies [1, 6, 8, [13] [14] [15] 17, 18] . Therefore, we propose the following new fourth-order structure
where the weight function G f : C → C is an analytic function in a neighborhood of w = ( m m+2
and h : C → C is also an analytic function in the region enclosing a multiple zero ξ of f (x). In the next result, we prove that the order of convergence of the proposed scheme reaches fourth-order without using any additional functional evaluation. It is interesting to observe that h and G have a key role in the construction of the desired fourth-order convergence.
Theorem 1 Let x = ξ be a multiple zero with multiplicity m > 1 of an analytic function f : C → C in the region enclosing ξ. Then, the family of iterative methods defined by (10) has fourth-order convergence when the following conditions hold
where p =
Proof Let us consider e n = x n − ξ the error at nth iteration. Expanding in Taylor's series functions f (x n ) and f ′ (x n ) about the point x n = ξ leads us:
and ) ,
respectively, where
From (12)- (14), we further yield
Again, by using the Taylor's series expansions, we have
With the help of expressions (13) and (17), we get
It is clear from expression (18) 
. Therefore, we expand the weight function G f (u n ) in the neighborhood of w:
By using expressions (12)-(19), in the last step of the proposed scheme, we obtain
. From expression (20), our scheme (10) reaches at least second-order of convergence if
By using the above value of G f (w) in M 2 = 0, we obtain the following two independent relations
which further yield
In order to obtain an optimal fourth-order convergence, we will use the above expressions (21) and (22) in M 3 = 0. Then, we have after some simplifications
Finally, by using expressions (21), (22) and (23) in (20) in order to obtain asymptotic error constant, we get
where |G ′′′ (w)| < +∞. The above expression (24) demonstrate that our proposed scheme (10) reaches fourth-order convergence by consuming only three functional evaluations per iteration. Hence, the scheme (10) have also reached the optimal order of convergence in the sense of Kung-Traub conjecture. This completes the proof.
Some special cases
In this section, we will discuss some special cases of our proposed scheme (10) by assigning different h(x) and weight function G f . In this regard, please see Table 1 where we have mentioned some different kind of members of the family. In addition, we choose arbitrary any h(x) and G(x) from the table in order to obtain new optimal methods of fourth-order.
Case-4
Case-6
4m m+2 2 − 2m + 12) reduce the expression of the asymptotic constant error. Case-1 is used in the dynamical analysis described in the next section and cases 1 to 4 are used in the numerical experiments.
As the order of the methods does not depend on the value of G 3 , this element can be considered as a free parameter in order to analyze the stability of the resulting class. This study will reveal which can be the better complex value to be assigned to G 3 and how the behavior of the elements of the class changes with increasing multiplicity.
3 Dynamical analysis in the complex plane Blanchard in [2] considered the conjugacy map (a Möbius transformation)
with the following properties:
and proved that, for quadratic polynomials, Newton's operator is conjugate to the rational map z 2 . We use this map in order to avoid the appearance of parameters a and b in the rational functions resulting from applying the fixed point operator of the iterative method on a polynomial p(z) with roots a and b.
Study on a polynomial with double roots
In order to study the stability of the family on polynomials with double roots, the operator of the family on p(z) = (z − a) m (z − b) with m = 2 is calculated, obtaining a rational function that depends, not only on the parameter G 3 , but also on parameters a and b. In order to eliminate these parameters, the following transformation is usually applied.
Next we are going to analyze, under the dynamical point of view, the stability and reliability of the members of the proposed family on p(z). Firstly, we will study the fixed points of the rational function that are not related with the original roots of the polynomial and the free critical points, that is, the critical points of the associated rational function different from 0 and ∞.
For p(z), the operator associated to family (10) for Case-1 (see Table 1 ) is the rational function M p (z, G 3 , a, b) depending on the parameters G 3 , a and b. On the other hand, operator 
-For G 3 = −15984, the fixed point operator is reduced to
Some of these values of G 3 will appear again when we analyze the lowest number of strange fixed and critical points of the rational function O p (z, G 3 ). 
Fixed and critical points
Once we have obtained a rational function O p (z, G 3 ) depending only of the free parameter G 3 , we must find its associated fixed and critical points in order to analyze their asymptotic behavior. Strange fixed points are obtained from solving equation
It is clear that O p (z, G 3 ) has 0 and ∞ as fixed points (corresponding to the multiple and simple roots a and b, respectively), but also different fixed points that do not correspond to the roots of p(z): z = 1 and the roots of r(z) that will be denoted by
.., 9 and are called strange fixed points. However, the complexity of the operator can be lower depending on the value of the parameter, as we can see in the following result. By replacing parameter G 3 by different values and after some algebraic manipulations, we obtain the following result.
Theorem 2 The number of strange fixed points of operator
, except in the following cases: 
where q 1 (z) = 1024 + 4096z + 6400z 
As important as the number of strange fixed point is their asymptotic behavior, as in the most of cases their stability depend on the parameter of the family. The expression of the differential operator, needed to analyze this stability and to obtain the critical points, is
. By definition, it is clear that z = 0 is always a superattracting fixed point, as it comes from the double root of the polynomial. However, the stability of z = ∞ and the rest of fixed points depends on the value of parameter G 3 . In the following results we establish the stability of these fixed points.
Theorem 3
The character of z = ∞ depends on G 3 as follows:
Proof In order to analyze the stability of z = ∞, its inverse relationship with z = 0 (induced by Möbius transformation) is used to define the associate rational function:
The rest of the proof is straightforward as the stability function of the infinity is |Inf
|.
In Figure 1 , the stability function of the infinity (as a fixed point) can be observed. It is worthy to notice that, all the methods of the class defined by means of values of G 3 out of the region of the complex plane where ∞ is attracting (the cone presented in the figure), are not suitable to find the simple root of the original polynomial p(z), as it is a repulsive fixed point. However, for values of G 3 inside this stable area, both roots, simple and multiple, can be found with quartic and quadratic order of convergence, respectively. 
is an attractor and it cannot be a superattractor. (ii) When
Proof It can be easily seen that
So,
Let us consider G 3 = a 1 + ia 2 an arbitrary complex number. Then,
Therefore,
Taking into account that G 3 ̸ = 15984, for which z = 1 is not a fixed point, it will be repulsive if The stability region corresponding to the strange fixed point z = 1 can be seen at Figure 2a . As it is repulsive inside the disk |G 3 + 15984| = 104976, and z = 1 comes from the divergence in the original performance of the problem, it can be concluded that inside this disk, the methods of the family will converge. Now, the problem is to avoid pathological convergence, as due to strange attracting fixed points or periodic orbits.
The analysis of the stability function of the rest of strange fixed points, |O
. . , 9 gives us relevant information about their stability and, therefore, on the whole stability of the iterative methods of the class. In these cases, the analytical expression of the strange fixed points is not available (as they are known as roots of a certain high-degree polynomial) and, then, they are studied graphically. In Figures 2b and 2c , the stability functions of r i (G 3 ), for i = 1, 4, 7, 9, are plotted, presenting a big area in the region Regarding the critical points, they are calculated by solving O ′ p (z, G 3 ) = 0 and are presented in the following result. The relevance of the knowledge of the free critical points is the following known fact: each invariant Fatou component holds, at least, one critical point. So, the lower is the number of this kind of points, the lower number of basins of attraction is possible.
Theorem 5 The free critical points of operator
that is a pre-image of the strange fixed point z = 1, and the roots of polynomial As we have seen, the number of free critical points is very high and only z = −2 is dependent (as pre-image of z = 1 it can be only an image of the stability of z = 1) and can be avoided in the analysis. So, the parameter space is defined in C 8 , and it is not possible to analyze it carefully. However, some projections can be plotted, using each one of these critical points as starting guesses for the family of iterative methods. By using the routines appearing in [3] , we make a mesh of 400 × 400 points for the values of parameter G 3 and, for each of these values, the corresponding method is applied on polynomial p(z) with the critical point as initial estimation. At the end, if the method has converged to zero or has a modulus greater than 10 6 in a maximum of 200 iterations, the point of the mesh is painted in red; if not, it is painted in black. In Figure 3 we can see some of these parameter planes, corresponding to different critical points. In Figure 3a , the disk corresponding to the stability function of z = 1 can be observed as a stable region to choose values of the parameter. Moreover, many areas of alternate stable and unstable behavior seem to be generated in a region close to the origin (the same happens in case of c 2 (G 3 ) used as initial estimation see Figure 3c) ). Specifically, Figure 3b is a detail of the parameter plane where some black regions appear close to the origin. As we have seen in the analysis of the stability of strange fixed points that they are all repulsive in this area, these black regions must correspond to values of G 3 with attracting periodic orbits, as will be confirmed in the following section.
Dynamical Planes
In this section we will show, by means of dynamical planes, the qualitative behavior of the different elements of the proposed family by using the conclusions obtained in the analysis of the stability of strange fixed points.
These dynamical planes has been generated by means of the routines appearing in [3] . The dynamical plane associated to a value of the parameter G 3 , that is, obtained by iterating an element of family, is generated by using each point of the complex plane as initial estimation (we have used a mesh of 800 × 800 points). We paint in blue the points whose orbits converge to infinity (absolute value greater than 0.8 · 10 6 ), in orange the points converging to zero (with a tolerance of 10 −3 ), in green, red, etc. those points whose orbits converge to one of the strange fixed points and in black if it reaches the maximum number of 200 iterations without converging to any of the fixed points. The color is brighter for lower number of iterations needed to converge. Moreover, each fixed point appears marked as a white circle in the figures, with a white star if the fixed point is an attractor and with a white square if it is critical.
Some values of the parameter whose associate iterative method shows stable behavior with convergence only to the "roots" (multiple z = 0 or simple z = ∞) are presented in Figure 4 . Depending on the value of the parameter, only the basin of attraction of z = 0 is observed (global convergence to the multiple root, as is shown in Figures 4c to 4f) , or both z = 0 and z = ∞ appear (Figures 4a and 4b) . On the other hand, unstable behavior is found when we choose values of the parameter in the stability region of attracting strange fixed points: in Figure 5a , z = 17.65 is an attracting strange fixed point (whose basin of attraction appears in green color), a similar case is presented in Figure 5b , where z = 0.92 ± 0.58i are simultaneously attracting, or in Figure 5c , where z = 1 has an immense basin of attraction. On the other hand, some attracting periodic orbits appear, as in Figure 5d 
where u 1 (z) = 38637+87804z+79191z 2 +30888z 3 +3363z 4 −404z 5 +9z 6 , u 2 (z) = 28025208984375+93417363281250z+ 121442572265625z 2 + 53974476562500z 
Fixed and critical points
As we have seen, the proposed fourth-order family of iterative methods, applied on the polynomial q(z), and after Möbius transformation, gives rise to the rational function (27), depending on parameter G 3 . It is clear that this rational function has 0 and ∞ as fixed points, but also different strange fixed points (obtained in the same way as in case of multiplicity 2): z = 1 and the roots of the high-degree polynomial, (
8 .
As we will see in the following, not only the number but also the stability of the fixed points depend on the parameter of the family. The expression of the differential operator, necessary for analyzing the stability of the fixed points and for obtaining the critical points, can be easily obtained from the fixed point iteration function, O q (z, G 3 ), so it will be obviated.
On the other hand, let us remark that 0 is a superattractive fixed point and, as in case m = 2, the stability of the other fixed points change depending on the values of the parameter G 3 . In the following results we establish the stability of z = ∞ and the strange fixed point z = 1, whose proofs are similar to that of Theorem 4, and they are omitted.
Theorem 7
The stability of the fixed point z = ∞ is defined as follows:
, then z = ∞ is attracting and superattracting for
, then z = ∞ is repulsive. 
9 , then z = 1 is repulsive.
Let us remark that the area of the complex plane where z = 1 is repulsive is even bigger than in case m = 2 (see Figure  6 ). This makes the family even more stable, as the study of the stability of the rest of strange fixed points establishes. Regarding the rest of strange fixed points, as it is not possible to get an analytical expression for them, we state both numerical and graphically, some general aspects on their stability: This global behavior of the strange fixed points can be observed at Figure 7a , where the stability regions of z = 1 and z = ∞ are also included. It is clear that the area around the origin is completely stable for the methods (as far as it concerns to fixed points of the rational operator), as the strange fixed points are repulsive. The rest of dangerous behavior is, moreover, very far from the standard values of a parameter in real applications. A final study, by using dynamical planes, is needed in order to see if the complex area surrounding the origin involves attracting periodic orbits for m = 3, as it happened in the case of double roots. In order to understand more deeply the behavior of the elements of the family applied on polynomials These values of G 3 are candidates to stable values, as the number of possible basins of attraction decreases with the number of free critical points. So, the lower is this amount, lower is the probability to find stable behavior different from those of zero and infinity.
Dynamical planes
In this section, some of the values of G 3 that have appeared along this analysis are used to plot the respective dynamical planes and observe the performance of the method. In the studied cases, convergence to the multiple root z = 0 or to both z = 0 and z = ∞ are observed, depending on the value of the parameter. For the first case, see Figures 8a to 8d where no attracting periodic orbits appears although the values of G 3 used are near the origin; regarding the former case, a dynamical plane for a superattracting z = ∞ is shown at Figure 8e , with a detail at Figure 8f .
There have been also appeared some values of G 3 corresponding to unstable behavior, under different circumstances: when we have analyzed the stability region of attracting strange fixed points (Figures 9a and 9b for z = 1) , pairs of simultaneous attracting fixed points (z = 1 has bifurcated into z 1 = 0.9859 + 0.3938i and z 2 = 0.9859 − 0.3938i appearing in Figure 9c ), or G 3 being superattracting in Figure 9d ; but also some of them correspond to attracting periodic orbits, as {0.8844±0.3098i} that can be seen at Figures 9e, or the case of G 3 = −3260 − 1500i, that has a black region as the basin of attraction of a high-period orbit (see Figure 9f ).
Numerical experiments
In this section, we will check the efficiency and convergence behavior of our proposed schemes:
In this regards, we consider a total number of four test problems: first one is the trajectory of an electron in the air gap problem, second one is from the linear algebra; third and fourth are the concrete variety of standard test functions; fifth one is Van der Waals equation of state; sixth one is population growth problem, which are mentioned in the examples (1)-(6). 
Case-3 a 2 = Now, we will compare our proposed methods with optimal families of fourth-order methods which were given by Hueso et al. in [6] and Li et al. [8] , out of these families we shall choose expression (1) and expression (69), respectively called by HM T and LCN . In addition, we compare them with fourth-order optimal schemes presented by Sharifi et al. [13] and Soleymani and Babajee [14] , out of them we consider expression (35) and expression (27), respectively denoted by SBS and SB. Moreover, we also compare them with robust and optimal schemes of the same order given by Soleymani et al. [15] and Zhou et al. [17] , out of them we pick expression (18) and expression (27), respectively called by SBL and ZCS. Further, we compare them with the optimal fourth-order family based on weight function approach presented by Zhou et al. [18] , out of them we choose expression (11), denoted by ZM . Finally, we also compare them with the third-order scheme given by Sbibih et al. [11] , out of them we choose expression (4.10)
) and (4.10)
, called by SAT Z1 and SAT Z2, respectively.
For better comparison, we have compared our methods with them on the basis of approximated zeros, residual error of the involved functions, difference between the two consecutive iterations, asymptotic error constants. In Tables 2 -7 , we displayed the number of iteration indexes (n), approximated zeros (x n ), absolute residual error of the corresponding function (|f (x n )|), error in the consecutive iterations |x n+1 − x n |, xn+1−xn (xn−xn−1) 4 , the estimation of asymptotic error constant η ≈ lim n→∞ x n+1 − x n (x n − x n−1 ) 4 at the last iteration. We make our calculations with several number of significant digits (minimum 1000 significant digits) to minimize the round off error. As we mentioned in the above paragraph that we calculate the values of all the constants and functional residuals up to several number of significant digits but due to the limited paper space, we display the value of x n up to 25 significant digits. In addition, we also display xn+1−xn (xn−xn−1) 4 and η up to 10 significant digits. Moreover, absolute residual error in the function |f (x n )| and error in the consecutive iterations |x n+1 − x n | are displayed up to 2 significant digits with exponent power which are mentioned in Tables 2 -7 . Furthermore, the approximated zeros up to 25 significant digits are also displayed in the examples (1)-(6) although minimum 1000 significant digits are available with us.
For the computer programming, all computations have been performed using the programming package M athematica 11 with multiple precision arithmetic. Further, the meaning of a(±b) is a × 10 (±b) in the following Tables 2-7 . Moreover, we also mentioned the CPU time in Table 8 which are calculated on the HP-Laptop, Windows 7 ultimate, RAM 4.00GB with 64-bit operating system.
Example 1
In the study of the multi-factor effect, the trajectory of an electron in the air gap between two parallel plates is given by
where e and m are the charge and the mass of the electron at rest, x 0 and v 0 are the position and velocity of the electron at time t 0 and E 0 sin(ωt + α) is the RF electric field between the plates [6]. We choose the particular parameters in the expression (28) in order to deal with a simpler expression, which is defined as follows:
The above function has one multiple zero at x = The corresponding characteristic polynomial of this matrix is as follows:
It's characteristic equation has one multiple root at x = 2 of multiplicity four.
Example 3 Let us consider the following nonlinear equation chosen from [1]
The above function has one multiple zero at x = −0.7285840464448267167123331 of multiplicity three.
Example 4 Let us pick a standard nonlinear test function from [6]
, which is given as follows:
where l = 20. The above function has a multiple root at x = 0 of multiplicity l.
Example 5 Van der Waals equation of state:
explains the behavior of a real gas by introducing in the ideal gas equations two parameters, a 1 and a 2 , specific for each gas. The determination of the volume V of the gas in terms of the remaining parameters requires the solution of a nonlinear equation in V,
Given the constants a 1 and a 2 of a particular gas, one can find values for n, P and T , such that this equation has three simple roots. By using the particular values, we obtain the following nonlinear function
which has three zeros and out of them one is the multiple zero x = 1.75 of multiplicity 2, and the other is the simple zero x = 1.72. However, our desired zero is x = 1.75.
Example 6 Population growth problem:
Law of population growth is defined as follows:
where N(t) = population at time t, η= fixed/constant immigration rate and γ = fixed/constant birth rate of population. We can easily obtain the following solution of the above differential equation (36)
where N 0 is initial population. For a particular case study, the problem is given as: Suppose a certain population contains 1000000 individuals initially, that 300000 individuals immigrate into the community in the first year and that 1365000 individuals are present at the end of one year. Find birth rate (γ) of this population.
To determine the birth rate, we must solve the equation
wherein x = γ and our desired zero of the above function f 6 is 0.05504622451335177827483421.
Remark 1
It is worthy to note from the Tables 2-7 that our proposed methods are efficient for determining multiple roots of nonlinear equations and are competitive with other well recognized efficient and optimal fourth-order iterative methods, being OM 1 and OM 4 those obtaining better results in the most of problems analyzed. In addition, our methods have not only minimum residual error corresponding to considered test function f but also have small asymptotic error constant in most of the considered test functions. Moreover, minimum error between the consecutive iterations corresponding to the considered functions belongs to our proposed iterative methods. Hence, we confirm that our methods converge faster towards required zero of the corresponding function as compared to other existing methods.
The comparison among different schemes can be made numerically, by using certain initial estimations as we have made in Tables 2-5 , or graphically by means of their basins of attraction. In them, we are going to obtain the set of converging initial points for all the optimal methods considered and functions f 1 (x) and f 2 (x). As this suppose 24 images, we consider it is enough with this two functions. As in Section 3, these dynamical planes have been obtained by using a mesh of 800 × 800 points, a tolerance of 10 −3 and 200 as maximum number of iterations. In them, we paint in blue color the points whose orbits diverge, in orange, green,... the convergent points to the roots and in black those initial guesses that do not converge with 200 iterations.
From the basins of attraction presented in Figure 10 , it can be observed that LCN, SBL and OM3 methods do not present divergent regions, that appears in the corresponding dynamical planes of HMT, ZCS, ZM, SB and OM2 with wide basins of attraction of the multiple root. However, methods SBS and OM5 show smaller areas of convergence to the multiple root.
In Figure 11 the dynamical behavior of the compared methods on f 2 (x) appear. Many of them (HMT, SB, ZCS, ZM, OM1, OM2, OM4) show global convergence (in the analyzed area of the complex plane), with slightly dark areas of slower convergence, and again SBS and OM5 present worse results, with areas of divergence and small basins of attraction to the multiple root.
Concluding remarks
In the earlier studies, several scholars proposed higher-order optimal fourth-order iterative methods for multiple roots when the multiplicity m is known in advance. But most of these schemes have the flexibility only at the second step due to the involvement of weight function/s or free parameter/s in order to explore other new schemes. Our mean to say that if a researcher want to explore some more methods from the same scheme then he/she can make changes only at second step not at the first step for example please see all the mentioned methods (whose first step is fixed) in the introduction section. Therefore, we contribute further to the development of the theory of iteration processes and propose a new optimal fourth-order scheme in a simple way based on mid-point and weight function approach. The main beauty of our proposed scheme is that they have not only given the flexibility to the researchers at both steps in order to construct a new optimal fourth-order methods but also give the faster convergence, small residual error corresponding to the involved function and asymptotic error constants.
The proposed scheme is optimal in the sense of classical Kung-Traub conjecture. We also compare our methods with the existing robust methods of same order on a series of numerical examples. The results in Table 2 and 7 overwhelmingly support that the minimum residual errors, minimum error in the consecutive iterations and small asymptotic error constants belongs to our proposed methods. In addition, the study of dynamics of our methods also reflects that there are wide areas of stability corresponding to values of G 3 greater than two hundred units in absolute value, but it is also stable in other many cases. The superiority of our methods over the existing robust methods may be due to the inherent structure of our methods with mid point and weight function approach. The future work based on the weight function approach shall be devoted to the construction of a new optimal higher-order methods. Im(z) 
